In his paper (1942), Ore found necessary and sufficient conditions under which the modular and distributive laws hold in the lattice of equivalence relations on a set S. In the present paper, we consider commuting equivalence relations. It has been proved by J6nsson (1953) that the modular law holds in the lattice of commuting equivalence relations. We give some necessary and sufficient conditions for the distributive law and its dual to hold for commuting equivalence relations. (~) 1998 Elsevier Science B.V.
Introduction
In this note, we find simple necessary and sufficient conditions for the distributive law to hold for commuting equivalence relations.
Commuting equivalence relations
An equivalence relation R is a subset of S x S which is reflexive, symmetric, and transitive.
The set of equivalence relations on a set S is identified with the lattice of partitions II(S) of the set S. Let us denote R~ the equivalence relation associated to the partition ~z.
We sometimes write (a, b)E R~ as well as arab. Two equivalence relations R~ and R~ are independent if for any two blocks na E
and ab E a, we have rta A ~rb ¢ 0. 
The distributive law for commuting equivalence relations
A linear lattice is a sublattice of H(S), with the property that the equivalence relations associated with any two partitions in the lattice commute. We denote a linear lattice by ~. It is known that every linear lattice is a modular lattice [3, 5, 7] . In general, a linear lattice is not distributive. We shall study when the distributive law holds for commuting equivalence relations R~, R~, and Re:
R, A (R,~ V Re)=(R, A R~) V (R,~ ARz).
(1) Definition 1. Two partitions n and a are said to be associable if every block of n V a is a block of either n or a.
We have trivially: 
As in the proof of the preceding theorems, one may easily prove: (1) For two commuting equivalence relations R~ and R~, the necessary and sufficient condition that the dual distributive law (2) holds for all R~ which commute with both R~ and R~ is that Ro and R~ be associable. (2) For two commuting equivalence relations R~ and Rr, the necessary and sufficient condition that the dual distributive law (2) holds for all R~ which commute with both R~ and R~ is that R. and R~ be associable.
